Abstract. Hassett's moduli spaces of weighted stable curves form an important class of alternate modular compactifications of the moduli space of smooth curves with marked points. In this article we define a tropical analogue of these moduli spaces and show that the naive set-theoretic tropicalization map can be identified with a natural deformation retraction onto the non-Archimedean skeleton. This result generalizes work of Abramovich, Caporaso, and Payne treating the DeligneKnudsen-Mumford compactification of the moduli space of smooth curves with marked points. We also study tropical analogues of the tautological maps, investigate the dependence of the tropical moduli spaces on the weight data, and consider the example of Losev-Manin spaces.
Introduction
Throughout the article we work over an algebraically closed field k that is endowed with the trivial norm. In [Has03] Hassett introduces a class of modular compactifications M g,A of the moduli space M g,n of smooth curves with n marked points parametrized by a weight datum (g, A) consisting of a non-negative integer g together with a collection A = (a 1 , . . . , a n ) of numbers a i ∈ Q ∩ (0, 1] such that 2g − 2 + a 1 + · · · + a n > 0 .
The moduli space M g,A parametrizes curves (C, p 1 , . . . , p n ) with n marked non-singular points on C that are stable of type (g, A), i.e. nodal curves (C, p 1 , . . . , p n ) with n marked non-singular points that fulfill the following two conditions:
(1) The twisted canonical divisor K C + a 1 p 1 + . . . + a n p n is ample.
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In the case (a 1 , . . . , a n ) = (1, . . . , 1) this condition is nothing but the traditional notion of an n-marked stable curve and so the compactification M g,A is exactly the well-known DeligneKnudsen-Mumford compactification M g,n of M g,n introduced in [DM69] and [Knu83] .
In [Has03, Theorem 2.1] Hassett shows that the moduli spaces M g,A are connected DeligneMumford stacks that are proper and smooth over Spec Z and whose coarse moduli spaces M g,A are projective over Spec Z. Denote by M g,A the open locus of smooth curves in M g,A . The following Theorem 1.1 is well-known the experts, but, to the best of the author's knowledge, it has not appeared in the literature, so far. A discussion of its proof can be found in Section 3.1.
Theorem 1.1. The complement of M g,A in M g,A is a divisor with (stack-theoretically) normal crossings.
So the open immersion M g,A ֒→ M g,A has the structure of a toroidal embedding. By the work of [Thu07] and [ACP12] , associated to this datum there is a natural strong deformation retraction p from the non-Archimedean analytic space M In this article we define a notion of stability of type (g, A) for tropical curves Γ by imitating condition (1). Moreover we construct a set-theoretic moduli space M A point x in M an g,A can be represented by a morphism Spec K → M g,A for a non-Archimedean field extension K of k. Since M g,A is a proper algebraic stack over k, the valuative criterion for properness implies that after a finite base change K ′ |K this morphism extends uniquely to a morphism Spec R ′ → M g,A , where R ′ denotes the valuation ring of K ′ . This datum is equivalent to a curve C → Spec R ′ that is stable of type (g, A). Denote by G x the weighted dual graph of the special fiber C s of C; it is stable of type (g, A) by Proposition 3.3. At a node p e of C s corresponding to an edge e of G x the curve is defined by xy = f e in formal coordinates, where f e ∈ R ′ . Endowing an edge e with the length l(e) = val(f e ), where val denotes the valuation on R ′ , defines a tropical curve Γ x and we set
The main result of this article can now be stated as follows:
commutes.
In the case of A = (1, . . . , 1) Theorem 1.2 is the same as [ACP12, Theorem 1.2.1]. Its proof, an adaption of the one in [ACP12] , can be found in Section 4.3. It relies on a careful analysis of the stratfication of M g,A by dual graphs, which is undertaken in Section 3. In the case of M g,n this analysis can be found in [ACG11, Section XII.10]. A similar proof comes up in [CMR14] treating moduli spaces of admissible covers of the projective line P 1 .
From Theorem 1.2 we immediately obtain the following Corollary 1.3. The strong deformation retraction p restricts to a strong deformation retraction M g,n . For these developments we refer the reader to [Fed11] and [FS10] . In Section 5.1 we define tropical analogues of these morphisms that commute with the tropicalization map.
In Section 6 we investigate how the tropical moduli spaces M trop g,A vary in the weights A based on how the moduli spaces M g,A vary in the weights A. In Section 7 we finish with the classical example of Losev-Manin spaces, as defined in [LM00] .
During the work on this project the author learned about the article [CHMR14] , which contains the g = 0 case of Theorem 1.2 in [CHMR14, Theorem 3.15]. The main goal of [CHMR14] , however, is to treat the tropicalization of M 0,A from the point of view of geometric tropicalization, as developed in [HKT09] and further studied in [Cue11] . For this the authors of [CHMR14] 
consisting of:
• a finite set of vertices V(G), • a finite set of flags F(G) together with a root map r : F(G) → V(G) associating to a flag of G the vertex it emanates from,
points of i, called the legs of G, and a finite union of pairs of points, called the edges of G, • a marking of L(G), i.e. a bijection {1, . . . , n}
given by L(G) = {l 1 , . . . , l n }, and • a weight function h : V(G) → N associating to every vertex its genus h(v).
We write E(G) for the set of edges of G. The genus g(G) of G is defined to be
where
is the identity, and γ preserves incidences between edge and vertices as well as legs and vertices.
Given a vertex v ∈ V, we write L(v) for the marked set of legs emanating from v and |v| E for the number of flags emanating from v that are contained in an edge, i.e. the number of edges starting at v counting loops at v with multiplicity two.
Recall that a weight datum (g, A) consists of a non-negative integer g together with a collection A = (a 1 , . . . , a n ) of numbers a i ∈ Q ∩ (0, 1] such that 2g − 2 + a 1 + · · · + a n > 0 . Definition 2.1. Let (g, A) be weight datum and set |v| A = l i ∈L(v) a i for a vertex v ∈ V. A weighted graph G with n legs is said to be stable of type (g, A), if it has genus g and for all vertices v ∈ V(G) we have:
If G is stable of type (g, A) with A = (1, . . . , 1) we simply call it stable.
A weighted graph contraction π : G → G ′ is a composition of edge contractions that preserves the weight function in the sense that ) , the contracted graph G ′ is stable of type (g, A) as well.
Definition 2.2. Let (g, A) be a weight datum. The category of G g,A of weighted graphs that are stable of type (g, A) is defined as follows:
• Its objects of G g,A are isomorphism classes of weighted graphs G that are stable of type (g, A).
• The morphisms are generated by weighted graph contractions π : G → G ′ and automorphisms Aut(G) of every graph G.
Remarks 2.3. (i) The datum of the weight function h : V → N should be thought of as having h(v) infinitely small loops at every vertex v. This, in particular, explains why the genus of G is defined as in (1). (ii) A weighted graph G is stable of type (g, A), if it has genus g and for all vertices v ∈ V the pullback i * v K G,A to every vertex i v : {v} → G of the twisted canonical divisor If we allow the length function l to attain values in R >0 = R >0 ⊔ {∞}, we say that Γ is an extended tropical curve of genus g with n legs. Its geometric realization has the structure of an extended metric space by identifying an edge e with l(e) = ∞ with the double infinite line
where the two points ∞ and −∞ are identified.
±∞
We denote the category of rational polyhedral cone complexes as defined in [Uli13, Section 3.2] by RPCC. Definition 2.4. Let (g, A) be a weight datum. We define a natural contravariant functor
as follows:
• Associated to an isomorphism class of a weighted graph G that is stable of type (g, A) is the rational polyhedral cone
Similarly there is also a natural functor Σ from G g,A into the category of extended rational polyhedral cone complexes that is given by
≥0 . We denote the image of G g,A in RPCC simply by Σ g,A and the category of its extensions by Σ g,A . 
, we obtain the set-theoretic moduli space
From this point of view one can interpret the quotients σ G / Aut(G) (or σ G / Aut(G)) as moduli spaces of tropical curves (or extended tropical curves), where we allow the edges to have zero length. For a weighted edge contraction π : G → G ′ the faces i π : σ G ′ ֒→ σ G and i π : σ G ′ ֒→ σ G parametrize those tropical curves, or extended tropical curves respectively, that have edge length zero for the edges that are collapsed by π.
As an immediate consequence of the construction we have:
Proposition 2.6. There are decompositions
Dual graphs and the boundary of M g,A
We study the structure of the boundary M g,A − M g,A of M g,A , i.e. the complement of the locus of non-singular curves M g,A , using the machinery of dual graphs. The main result of this section is the proof of Theorem 1.1 which states that the boundary has (stack-theoretically) normal crossings.
3.1. Proof of Theorem 1.1. The author is aware of at least two different proofs of Theorem 1.1. Following [Has03, Section 3.3] one can undertake a detailed analysis of the formal deformation spaces of weighted stable curves, using the deformation theory of maps, as developed in [Ran89] . This approach has been carried out in an earlier version of this article.
Here we present an alternative approach to the proof of Theorem 1.1 that is much shorter and more elementary. The author would like to thank Dan Abramovich for communicating this proof to him. It essentially reduces Theorem 1.1 to the analogous theorem for the Deligne-KnudsenMumford moduli spaces M g,n , a case that has already been discussed in [Knu83, Theorem 2.7] .
Set N = dim M g,A = 3g − 3 + n. Let o k be either equal to k, if char k = 0, or to the unique complete regular local ring with residue field k and and maximal ideal generated by p, if char k = p = 0. Theorem 1.1 immediately follows from the following Theorem 3.1. 
Proof. Denote by S g,n the algebraic stack of nodal curves of genus g with n (possibly singular) marked points, as introduced in [Ols07, Section 5]. Note that S g,n is locally of finite type over k. Consider the universal curve C g of S g and denote by C sm g the open substack of C g = S g,1 where the marked point is not singular. We can identifiy M g,A with an open substack of the n-fold
Denote the image of z in S g by z ′ and let
and the locus where x i stays a node is given by t ′ i = 0 for 1 ≤ i ≤ k. Since f : M g,A → S g is smooth, there are formal coordinates t 1 , . . . , t N around z such that
and f * t ′ i = t i for all 1 ≤ i ≤ N ′ . Therefore the locus where x i stays a node is given by t i = 0. 3.2. Stratification by dual graphs. Let (C, p 1 , . . . , p n ) be a complete and connected nodal curve of genus g with n marked points. We can associate to C its dual graph G C , a weighted graph with n marked legs that is defined as follows:
• The set V = V(G) of vertices of G is the set of irreducible components C i of C.
• The set of edges E = E(G) is the set of nodes of C, where an edge e connects two vertices v i and v j if and only if the corresponding components C i and C j meet each other in the node corresponding to e. It is well-known (see e.g. [Man99, Proposition 2.6]) that g(C) = g(G C ) and that there is a natural homomorphism
of automorphism groups. Proposition 3.3. Let (g, A) be a weight datum. For a complete and connected nodal curve (C, p 1 , . . . , p n ) of genus g with n marked points the following properties are equivalent:
Proof. The twisted canonical divisor K C +a 1 p 1 +. . .+a n p n on C is ample if and only if its pullback to the normalization of each irreducible component of C is effective and this is equivalent to
for all vertices v of G C . But this is the exact definition of G C being stable of type (g, A).
Fix a weight datum (g, A)
. For a weighted graph G of genus g with n legs that is stable of type A we denote by M G the locally closed substack of M g,A consisting of those A-stable curves C whose dual graph G C is equal to G. The closure of M G in M g,A will be denoted by M G . Note that, if G is the unique graph { * } g,n of genus g with n legs and one vertex, the stack M { * }g,n exactly parametrizes those A-stable curves that are smooth and therefore coincides with M g,A .
It is not hard to see that the locally closed substacks M G are the strata of a stratification of M g,A , i.e.
where the disjoint union is taken over all isomorphism classes of weighted graphs G of genus g with n legs that are stable of type A. As an immediate consequence of Theorem 1.1 we have:
Corollary 3.4. The codimension of the locally closed stratum M G is equal to the number of edges of the A-stable weighted graph G.
Proof. The number k = #E(G) of edges of G C corresponds to the number of nodes of an A-stable curve C in M g,A . By Theorem 3.1 the complete local ring
, where the coordinates t 1 , . . . , t N can be chosen such that the locus of the closure of M G is given by t 1 · · · t k = 0. This implies
An alternative proof of Corollary 3.4 can be found at the end of Section 3.3 below.
Remark 3.5. Stratifications of M g,A parametrized by the combinatorial data associated to weighted stable curves have already appeared in [BM09] , [AG08] , and [MM10] , all of which deal with moduli spaces of weighted stable maps. The crucial difference between their constructions and our approach is that their discrete data also contains information on whether marked points agree. Taking only dual graphs, we conveniently "forget" this information in order to obtain the stratification induced by the normal crossing boundary M g,A − M g,A .
3.3. Clutching and glueing. In this section we study analogues of the clutching and glueing morphisms originally defined in [Knu83, Section 3] for M g,n . This construction is a special case of [BM09, Proposition 2.1.1], where these maps are defined for moduli spaces of weighted stable maps. For a vertex v of G we denote by A(v) the tuple
consisting of those a i that correspond to legs l i emanating from v and a 1 for every flag of an edge incident to v. Moreover we write n v for the number of entries of A(v), i.e. the number of legs and edges emanating from v.
Proposition 3.6. For every weighted graph G that is stable of type (g, A) there is a natural clutching and glueing morphism φ G : (g, A) . This association commutes with arbitrary base changes S ′ → S and therefore defines a morphism of stacks. (g 1 , A 1 ) and (g 2 , A 2 ) are two weight data. Set g = g 1 + g 2 and A = A 1 ∪ A 2 . There is a natural clutching morphism (ii) Fix a weight datum (g, A) with g > 0. There is a natural glueing morphism
Corollary 3.7. (i) Suppose
obtained by glueing together the last two marked points of an A∪{1, 1}-stable curve (C, p 1 , . . . , p n+2 ) of genus g − 1.
Proof. Both Part (i) and Part (ii) are special cases of Proposition 3.6. For Part (i) we take the graph G to consist of two vertices v 1 and v 2 with weights g 1 and g 2 connected by an edge and having n 1 or n 2 legs incident to v 1 or v 2 respectively. For Part (ii) the graph G consists only one vertex with weight g, from which n legs are emanating, and a loop.
and note that the clutching and glueing morphism φ G restricts to a morphism
Proposition 3.8. For a weighted graph G that is stable of type (g, A) the clutching and glueing morphism
Our proof of Proposition 3.8 is a generalization of the proof of [ACG11, Proposition 10.11].
Proof. We are going to show that both M G Aut(G) and M G have the same groupoid presentation. 
Theétale atlas Y 0 isétale locally isomorphic to a product v∈V(G) U v , where U v are local slices of the 'exhausting family' of M h(v),A(v) around curves C v as introduced in [Has03, Section 3.4]. The clutching and glueing map is induced by the morphism v∈V(G) U v → U into a slice U of the 'exhausting family' of M g,A around C = φ G (C v ) v∈V(G) that is determined by isomorphically mapping U v to one of the branches of U G , the locus in U parametrizing curves with dual graph G. In particular the composition Y 0 → M G is surjective andétale.
The morphism Y 0 → M G gives rise to a family η : C → Y 0 of curves with dual graphs equal to G. In this case we have natural isomorphisms
where Isom G denotes isomorphisms preserving the dual graph G.
Alternative proof of Corollary 3.4.
Using simplicial homology the Betti number b 1 (G) can be can calculated by the following formula:
By Proposition 3.8 we have dim M G = dim M G and, using g = b 1 (G) + v h(v) as well as
Deformation retraction onto the non-Archimedean skeleton
The goal of this section is to prove our main result, Theorem 1.2. We begin with a quick review of the construction of the deformation retraction onto the skeleton of a simple toroidal scheme from [Thu07, Section 3.1] in Section 4.1 and more generally of a toroidal Deligne-Mumford stack from [ACP12, Section 6] in Section 4.2. Section 4.3 contains the proof of Theorem 1.2. 4.1. Skeleta of simple toroidal schemes. Suppose that X 0 ֒→ X is a simple toroidal embedding, that is an open embedding such that for every point x ∈ X there is an open neighborhood U of x and anétale morphism γ : U → Z into a toric variety Z with big torus T such that γ −1 (T ) = X 0 ∩ U. In [Thu07, Section 3.2] Thuillier defines a strong deformation retraction p from the non-Archimedean analytic space X as defined in [Thu07, Section 1] onto a closed subset S(X) of X , the non-Archimedean skeleton of X.
We denote by S + the sheaf monoids associating to an open subset U of X the monoid S + (U) of effective Cartier divisors with support fully contained in X − X 0 . As shown in [Thu07, Section 3.1] the natural stratification of the toric varieties Z by T -orbits lifts to give a well-defined stratification of X by locally closed subsets, henceforth called the toroidal strata of X. Note that the unique open subset of this stratification is X 0 . Denote by F X the set of generic points of the toroidal strata together with the induced topology and endowed with the restriction of the S + . By [Kat94, Proposition 9.2] the monoidal space F X has the structure of what is called a Kato fan in [Uli13] and comes with a natural characteristic morphism φ X : (X, S + ) → F X sending every point in a toroidal stratum to its generic point. We refer the reader to [Uli13] for details on this construction.
In particular, by [Uli13, Theorem 1.2] Thuillier's strong deformation retraction can be described as follows:
• The skeleton S(X) is naturally homeomorphic to the set Σ X = F X (R ≥0 ) of R ≥0 = R ≥0 ⊔{∞}-valued points.
• A point x in X gives rise to a morphism x : Spec R → (X, S + ) of monoidal spaces, where R is some non-Archimedean extension of k, and the image of x in Σ X is given by the composition
where val # is the morphism induced by the valuation of R.
Skeleta of toroidal Deligne-Mumford stacks.
Suppose now that X 0 ֒→ X is toroidal embedding of separated Deligne-Mumford stacks of finite type over k, i.e. an open embedding of Deligne-Mumford stacks admitting a surjectiveétale morphism U → X such that the base change U 0 ֒→ U is a simple toroidal embedding. The toroidal stratification of U induces a natural toroidal stratification of X by locally closed substacks E that does not depend on the choice of U. We write S + for theétale sheaf of effective Cartier-divisors with support in X − X 0 . The Keel-Mori Theorem [KM97] implies that the stack X has a coarse moduli space X, which has the structure of separated algebraic space. By [CT09] the analytification X an of X exists in the category of analytic spaces and, following [ACP12, Definition 6.1.2], we can define X as the subspace of X an that is locally given by unit balls in X an . Note that the valuative criterion for properness yields X = X an , whenever X is proper over k.
In Section [ACP12, Section 6.1] the authors extend Thuillier's [Thu07] construction and show that this datum defines a strong deformation retraction p of X onto a closed subset S(X ) of X , which is again called the non-Archimedean skeleton of X .
Consider now the category H X defined as follows:
• Its objects are the generic points of the toroidal strata of X .
• The morphisms in H X are generated by the natural homomorphisms (S + ) η → (S + ) ξ , whenever η specializes to ξ, and the monodromy groups H ξ at ξ.
Recall that the sheaf S + isétale locally trivial on the toroidal strata of X by [ACP12, Proposition 6.2.1]. The monodromy group H ξ consists of those automorphisms of (S + ) η that are induced by the operation of π et 1 (E ξ , ξ) on (S + ) ξ , where E ξ is the unique toroidal stratum containing ξ. There is a natural functor Σ : H X → RPCC given by
• the association ξ → σ ξ = Hom (S + ) ξ , R ≥0 , • the embedding of a face σ η ֒→ σ ξ , whenever η specializes to ξ, and • an automorphism of σ ξ for every automorphism of the monodromy group H ξ .
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This functor naturally extends to a functor Σ into the category of extended rational polyhedral complexes, given by ξ → σ ξ = Hom (S + ) ξ , R ≥0 .
We can now rephrase [ACP12, Proposition 6.2.6] as follows: We finally show that the strong deformation retraction p : M an g,A → S(M g,A ) can be given a modular interpretation as stated in the introduction. By the valuative criterion of properness a point x ∈ M an g,A can be represented by a morphism Spec R → M g,A , which, in turn, gives rise to a (g, A)-stable curve C x → Spec R over R. Denote the dual graph of its special fiber C s by G x and the image of the closed point in Spec R in M g,A by p x .
By Theorem 3.1 we can choose coordinates t 1 , . . . , t N in O M g,A ,px such that the locus, where C s remains singular is given by t 1 . . . t k = 0. In formal coordinates we can describe C around a node q i of C s by xy = f i , where the f i ∈ R are precisely the images of t i in R. Now both the deformation retraction p and trop g,A are given by associating to x the element in S(M g,A ) = M trop g,A represented by val(f 1 ), . . . , val(f k ), 0, . . . , 0 in σ Gx . This shows p(x) = trop g,A (x) and finishes the proof of Theorem 1.2.
Tropical tautological maps
The purpose of this section is to define tropical analogues of the tautological maps between the moduli spaces M g,A generalizing the constructions in [ACP12, Section 8]. We require the tropical tautological maps to commute with the tropicalization map
as a basic principle to justify that our definitions make sense. Forgetful and reduction morphisms. Fix a weight datum (A, g) and let B = (b 1 , . . . , b n ) be another weight datum such that b i ≤ a i for all 1 ≤ i ≤ n. In [Has03, Theorem 4.1] Hassett constructs a natural birational reduction morphism
5.1.
that takes an element (C, p 1 , . . . , p n ) of M g,A and collapses all the components along which the divisor K C = b 1 p 1 + . . . + b n p n fails to be ample.
Moreover consider a subset
that can be described by associating to an A-stable curve (C, p 1 , . . . , p n ) in M g,A the curve φ A,A ′ (C, p 1 , . . . , p n ) given by deleting the marked points p i with i / ∈ A ′ and successively collapsing the components of C such that K C + a i 1 p i 1 + . . . + a ir p ir is not ample. 
Proof. We shall prove both statements simultaneously using the notation ψ A,B for both the reduction morphism and the forgetful morphism. To make this notation consistent we formally set B = A ′ ∪ {0, . . . , 0} and define:
Our approach is to define natural functors
ψ Σ A,B : Σ g,A → Σ g,B that will induce ψ trop A,B by the universal property of colimits. Let G be a A-stable weighted graph. If G is not B-stable we find ourselves in one of the following two situations:
In this case we contract the unique edge e incident to v and attach all the legs of G * incident to v to the vertex on the other end of e.
(ii) There is a vertex v ∈ V(G * ) such that h(v) = 0, |v| E = 2, and
In this case the graph G does not have any legs of positive weight incident to v and we replace the two adjacent edges e 1 and e 2 by one edge connecting the two vertices v 1 and v 2 on the other end of v.
Applying the algorithm described in (i) and (ii) possibly multiple times and deleting legs of zero weight we obtain a functor
since automorphisms of G induce automorphisms of G * and weighted edge contractions of G naturally induced weighted edge contractions of G * . Moreover, the projection maps
commutative. The map ψ Proof. Suppose that G is weighted graph that is stable of type (g, A) but not of type (g, B) . Then all other weighted graphs G ′ that can be contracted to G are also not stable of type (g, B) . On the other hand all graphs G that are stable of type (g, B) are also stable of type (g, A) and their reduction ρ A,B (G) is equal to G itself. 
Proof. Let (C v , p v 1 , . . . , p v nv ) be families of h(v), A(v) stable curves over a valuation ring R extending k and denote the tropical curves associated to this data by Γ v . Observe that the clutching and glueing map φ G applied to the (C v , p v 1 , . . . , p v nv ) exactly corresponds to connecting two legs of the Γ v , whenever they correspond to an edge in G. Since φ G (C v , p v 1 , . . . , p v nv ) has a node over all of Spec R, whenever two marked points have been glued, the special fiber is given by xy = 0 in formal coordinates and therefore the connecting edge in φ trop G (Γ v ) has to be of infinite length.
As special cases of Definition 5.4 we obtain the following two maps:
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• The tropical clutching map respectively to the extended tropical curve Γ that is obtained by connecting the two legs l n 1 +1 and l n 2 +1 at infinity.
• The tropical glueing map
is defined by sending an extended tropical curve Γ in M g−1,A∪{1,1} to the tropical curve Γ obtained by connecting the two legs l n+1 and l n+2 at infinity.
Using this notation Proposition 5.5 yields the following Corollary 5.6
Corollary 5.6. The natural diagrams 
Variations of weight data
In this section we compare how, given a fixed genus g, the two functions A → M g,A and A → M trop g,A vary in A. Fix a genus g ≥ 0 and a number n ≥ 0. We denote by D g,n the set of possible weight data D g,n = (a 1 , . . . , a n ) ∈ (0, 1] n ∩ Q n a 1 + . . . + a n > 2 − 2g . Suppose first that g ≥ 1. Let S ⊆ {1, . . . , n} with 2 ≤ |S| ≤ n. Consider the graph G S containing one edge between two vertices v 0 and v g , one of weight 0 and the other of weight g, and legs l i incident to v 0 , whenever i ∈ S and incident to v g , whenever i / ∈ S. If i∈S a i > 1, then G S is stable of type (g, A), since |v 0 | = 1 + i∈S a i > 2 and h(v g ) ≥ 1. But if i∈S a i < 1, the graph G S is not stable of type (g, A) .
Consider now the case g = 0. Let S ⊆ {1, . . . , n} with 2 ≤ |S| ≤ n − 2 and consider again the graph G S with two vertices of weight 0 connected by an edge and legs incident to v i depending on whether they are in S or not. Suppose that i∈S a i < 1. Then n i=1 a i > 2 implies i / ∈S a i > 1. So when crossing the wall i∈S a i = 1 without changing the a i with i / ∈ S we obtain that G S is stable of type (0, A), if i∈S > 1, and not, if i∈S a i < 1. does not and thus these two spaces cannot be isomorphic. (iv) In [AG08, Definition 2.8] Alexeev and Guy associate a simplicial complex ∆ A to a weight A that has a |S|-dimensional simplex for every subset S ⊆ {1, . . . , n} with i∈S a i ≤ 1. As seen in [AG08, Section 4] crossing a single wall from A to B with B ≥ A in W g,n corresponds to adding a simplex to ∆ A in order to obtain ∆ B .
Losev-Manin spaces
We are now going to consider the special case that A = {a 0 , . . . , a n+1 } for n ≥ 1 such that a 0 + a i > 1 and a n+1 + a i > 1
for each i ∈ {1, . . . , n} and a i 1 + . . . + a ir ≤ 1 for all {j 1 , . . . , j r } ⊆ {1, . . . , n}. This configuration can be realized e.g. by taking A = 1, 1 n , . . . , 1 n , 1 .
In [Has03, Section 6.4] Hassett has identified the fine moduli spaces M 0,A with the moduli spaces L n , studied by Losev and Manin in [LM00] , parametrizing chains C of projective lines connecting the two end points p 0 and p n+1 with n additional marked points p 1 , . . . , p n such that
• the p 1 , . . . , p n are allowed to mutually coincide, but not to coincide with p 0 , p n+1 , or the nodes, and • the normalization of every component of C contains at least three special points. . We indicate the corners of the permutohedron P 3 dual to 2-dimensional cones.
By [LM00] the moduli space L n is naturally isomorphic to the smooth projective toric variety defined by the (n − 2)-dimensional permutohedron P n−1 as defined in [Kap93c, Definition 1.3] and the big torus T = G n−1 m exactly parametrizes the smooth locus of smooth curves in L n . Recall from [Kap93c, Definition] that the (n − 1)-dimensional permutohedron P n is the lattice polytope in R n given as the convex hull of the points s(1), . . . , s(n) , where s is runs through all elements in the symmetric group S n . As explained in [LM00, Definition 2.5.1] the l-dimensional cones of its dual fan ∆ n are labelled by (l + 1)-partitions of {1, . . . , n} and therefore naturally carries the structure of a moduli space L trop n of stable rational tropical chain curves with n + 2 legs connecting the legs l 0 and l n+1 . Its canonical compactification L trop n parametrizes stable rational extened tropical chain curves with n + 2 legs connecting the legs l 0 and l n+1 .
Moreover, there is a natural set-theoretic tropicalization map Proof. In view of [Uli13, Theorem 1.2] and [Uli13, Proposition 7.1] we can naturally identify trop ∆n with the deformation retraction p Ln , since L n is proper over k and thus the fan ∆ n is complete. Then the statement immediately follows from Theorem 1.2.
